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Research on Proof in School Mathematics 

• Proof is important –

the “guts of mathematics” (Wu, 1996).

BUT

• Proof is challenging for teachers to teach 
(e.g., Knuth, 2002, Cirillo, 2009; 2014).

• Proof is difficult for students to learn       
(Senk, 1985; McCrone & Martin, 2004).



How well do 
students write 
geometry proofs?

Sharon Senk (1985) @UDmichy



Senk’s Recommendations

We must immediately look for more effective ways to teach 
proof in geometry. We should:

– Pay special attention to teaching students to start a 
chain of reasoning;

– Place greater emphasis on the meaning of proof than 
we do currently; and

– Teach students how, why, and when they can transform 
a diagram in a proof.

@UDmichy



Three Major 
Difficulties in 

the Learning of 
Demonstrative 

Geometry

Rolland R. Smith (1940)



“Three Serious Learning Difficulties”

• Lack of familiarity with geometric figures

• Not sensing the meaning of the if-then
relationship

• Inadequate understanding of the meaning of 
proof



Students’ Difficulties with 
Proof in Geometry

• “In summary, we have seen that 
students are extremely 
unsuccessful with formal proof in 
geometry.” 

(Clements & Battista, 1992)

• “The teaching of mathematical 
proof appears to be a failure in 
almost all countries.”              

(Hershkowitz et al., 2002, p. 675)



Calls for Additional Research…

• “The mandate to involve students in proving is 
likely to be met with the development of tools 
and norms that teachers can use to enable 
students to prove and to demonstrate that 
they are indeed proving.” 

(Herbst, 2002, p. 200)

• “…research is needed to understand the 
conditions in which teachers work and how 
those conditions impact the mathematical 
work that teachers can sustain” 

(Herbst, 2006, p. 314)



Timeline of Progress

Smith (1940)

Senk (1985)

Cirillo (2020)



Three Studies

• 2005-2008: Longitudinal Dissertation Study

• 2010-2013: The Geometry Proof Project

• 2015-2020: Proof in Secondary Classrooms: 
Decomposing a Central Mathematical Practice
(i.e., The PISC Project)



STUDY 1: THE CASE OF MATT



Matt

You can't teach somebody how 
to do a proof….I mean if a 
student's really gonna do a 
mathematical proof, you look at 
the problem and you either see 
how you do it or you don't. 



Textbook Examples

• Reasoning with 
Properties from 
Algebra



Textbook Examples

• Proving 
Statements 
about Segments



The Case of Matt: Overall Findings

• Despite strong content knowledge and a good teacher 
prep program, Matt was at a loss for teaching proof 
beyond show-and-tell.

• Matt wanted to teach “real math,” not just show 
students completed Theorems in the boxes in his 
textbook.

• Matt’s focus shifted from getting through the required 
theorems to attempting to teach students to prove. 



STUDY 2: THE CASE OF MIKE



Mike, High School Geometry Teacher

• 8 years of experience at start of project

• Mathematics and Science background

• Conventional Prentice Hall Geometry textbook

• Private boys’ school

• Described students as motivated, curious, confident, 
intelligent, and affluent



Mike Began Proof with Triangle 
Congruence

1. GIVEN: ∠A ≅ ∠D, ∠B ≅ ∠E
𝐵𝐶≅ 𝐸𝐶

PROVE: ∆ ABC ≅ ∆ DEC



VIDEO REMOVED DUE TO 
HUMAN SUBJECTS’ PERMISSIONS



BACK TO MATT FOR A 
BRIEF MOMENT…



Matt – Year 2

• “On Friday the students will begin constructing their 
own deductive proofs. Unfortunately, there is no 
good way, in my opinion, to ‘teach’ proofs.  Students 
simply have to do them – like learning to swim by 
drowning.”

• “Ok, there's only so many of these that I can do with 
us together. I just kind of, got to keep throwing you 
in the deep end. Letting you thrash around for 
awhile. And then throw you a floaty. Haul you back 
out and then throw you back in. Alright?”  

(Cirillo, 2008)



BACK TO MIKE…



Things I need to know:

• How do I know what steps to write?

• How do I know what order the steps are in?

• Argh! I don’t even know where to start!!!

• How big should I make the T?

• What reasons am I allowed to use?

• How many steps do I need to write?    



What makes teaching proof 
in geometry so tough?

• Curriculum

• Student Readiness

• Lack of recommendations for 
scaffolding the introduction to proof 
(i.e., understanding of the “shallow end” of the   
proof pool) 



• What is going on for 
students when we 
introduce proof?



A Proof

Statements  Reasons

No Given? 
What can we 
assume from a 
diagram?

Perpendicular 

lines intersect 

to form right 

angles.



A Proof

Statements  Reasons



If there was a shallow 
end to teaching proof, 

what would it look like?



STUDY 3: THE PISC PROJECT



PISC Project Timeline

N
O
W

C
A
M
P

Intervention

Used Senk & Usiskin’s assessments with Control and 
Experimental Groups



SOME CLASSROOM VIDEOS
Y1 → Y3 (ACTUALLY Y2, Y4 OF PISC)



Cut-and-Paste
Proofs





VIDEO REMOVED DUE TO 
HUMAN SUBJECTS’ PERMISSIONS





“I noticed a lot of really great things you 
guys were doing. You remembered to 
put your Given information first and to 
put what you’re trying to prove last and 
for the most part it looked like we had a 
lot of things in the correct order, but 
some of you, I feel like just put them 
there because you knew they had to be 
there, but you didn’t really go through 
the steps in the correct kind of order. So 
that’s what we’re going to work on 
today.” 









VIDEO REMOVED DUE TO 
HUMAN SUBJECTS’ PERMISSIONS
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<
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<

∆𝐽𝐹𝐺 ≅ ∆𝐻𝐼𝐺
𝐴𝑆𝐴 ≅ 𝐴𝑆𝐴

∆𝐽𝐹𝐺 ≅ ∆𝐻𝐼𝐺
𝐴𝐴𝑆 ≅ 𝐴𝐴𝑆





VIDEO REMOVED DUE TO 
HUMAN SUBJECTS’ PERMISSIONS







PISC Project Timeline

Video 1 Videos 2 & 3

WHAT 
HAPPENED 
IN HERE?



WHAT HAPPENED? 



• Professional Development
• Student Thinking
• Summer Camp

• Lesson Study 
• Debriefing

• Lessons and readings on Teacher Discourse Moves
• Teaching the Lessons

• Video Recorded
• Feedback 
• Daily Reflections 

• Continuous PD
• Met as a Group – Improved Lessons
• Control Group 



WHAT HAPPENED? 





Decomposing 
Proof



Show-and-Tell vs. An On-Ramp

• Teacher Show-and-Tell • On-Ramp



The Geometry 

Proof Scaffold

(i.e., the “GPS”)



The Geometry 

Proof Scaffold

Diagrams

NotationLanguage



The Geometry 

Proof Scaffold

(i.e., the “GPS”)



The Geometry 

Proof Scaffold

(i.e., the “GPS”)



The Geometry 

Proof Scaffold

(i.e., the “GPS”)



The Geometry 

Proof Scaffold

(i.e., the “GPS”)



PISC Research Questions

• How do teachers introduce proof in geometry?
• When engaging in lesson study based on 

introducing proof by first teaching particular sub-
goals of proof, how do teacher respond to and 
execute the lesson plans? 

• How do students respond to these lessons? 
• How do students in the control and experimental 

groups think about proof and perform on a set of 
proof tasks? 



2016-2019
(Y2 - Y4)



PISC Curriculum





DID THE TREATMENT WORK?



Core Teachers Item Averages
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What is the estimated impact of the PISC curriculum on students’ SGT scores?

67



What is the estimated impact of the PISC curriculum
on students’ SGT scores (Year 1 vs. Year 3 only)?

68

HLM Model Parameters Estimate Standard Error P-value

Fixed Effects

Intercept 6.73 2.39 0.0125

EGT NCE Score 0.44 0.03 <.0001

8th Grade Indicator 11.20 3.71 0.0026

CORE Treatment 6.61 1.75 0.0002

Random Effects (residuals)

Teacher 45.22 18.0 0.0060

Student 122.34 6.47 <.0001

After controlling for grade level and EGT scores and restricting analyses to Year 1 and Year 
3 data only, students in CORE classes scored 6.61 NCE points higher (ES = +.31 standard 
deviations) on the SGT (p<.001).

Gains made by students were significantly larger in 
classrooms using the PISC curriculum. 



Michelle’s Reflections

• “Collaboration between researchers and school 
personnel provides integrated perspectives for 
addressing critical issues in mathematics teaching 
and learning” (NCTM, 2012, p. 1).

• Impact of Attending to Student Thinking

• Cannot do this kind of work alone or on campus
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Email mcirillo@udel.edu for questions 

about or visit www.pisc.udel.edu

for updates on the project. 

Thank you!

@UDmichy

http://www.pisc.udel.edu/

